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In  recent  years  in teres t  in the Eins te in-Car tan  theory  of space- t ime (1-3) has grown 
sJgnificantly. In  tim theory  the space- t ime manifo ld  is endowed wi th  a tors ion (non- 
sylnmetr ic  connection) field, which couples to the spin densi ty  of ma t t e r  in the  universe.  

Cosmological  nlodels based on the  Eins te in-Car tan  theory  are usual ly  s tud ied  under  
the  assun~ption tha t ,  hav ing  al l igned the spins of the  par t ic les  along a pa r t i cu la r  diree- 
t ion,  the magnet ic  field tha t  nfight  be present  in the ml iverse  deeouples f rom the  mag- 
net ic  dipoles of the m a t t e r  eon~ent (4). 

Non coupling be tween m a t t e r  and e lec t romagnet ic  fields in the  universe  is also 
assumed in most  cosmological  models  based on the  theory  of general  r e l a t iv i ty  (s,6). 

I t  is of interest ,  therefore,  to de te rndne  the  class of spat ia l ly  homogeneous  space- 
t imes  which admi t  tlte presence of source-free magnet ic  fields. This  can be done simul-  
t aneous ly  in the Eins te in-Caf tan  theory  and in general  re la t iv i ty ,  because i t  has  been 
shown (e), tha t  the soureeless equat ions  of Maxwell  are the same in bo~h theories ,  name ly  

(1) 

and 

d F  = 0 

(2) d * F  = 0 ,  

where I" and *F  are the e lec t romagne t ic  field 2-form and its dual,  respect ively .  
In  a spat ia l ly  homogeneous  space- t ime manifold ,  i.e. one whieh is local ly i nva r i an t  

under  a group of isometr ics  (;a s imply  t rans i t ive  on spaeelike surfaces, we ean choose 
a set of basic 1-forms (0~ (~ O, 1, 2, 3) wi th  (0 ~  dr, such tha t  the hypersurfaces  
of homogene i ty  arc g iven  by 

(3) t(x ~) = cons tant  , 
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where  the  x~'s are local co-ordinates.  W i t h  respect  to such a basis,  we can wri te  the  
magnet ic-f ie ld  2-form as 

(4)  F = l e i j l c B i O ]  x 0 I~ , 

where  B~ = B~(t ) ,  e~jk is the  to t a l ly  an t i symmet r i c  symbol  (s~2a = 1), and La t i n  indices 
run  f rom 1 to 3. The  dual  of F becomes  

(5) * F  = B~ tO o • 0 i . 

In  the  above basis, on the  o ther  hand,  we have  (7) 

(6) d O a :  - -  �89 C ~va6)~ • (Or ,  

where  C ~ =  C a v e ( t ) =  C~v~".  

Subs t i tu t ing  (4) and (5) in to  (1) and (2), respec t ive ly ,  and using (6), we ob ta in  the  
fol lowing set of equa t ions :  

(7) dB~ 
- -  + 2 C o y B J ]  : 0 ,  
d t  

(8)  B ~ l m n  Wjkm8 jkn = 0 

and 

(9) si~kCjkz B~ = O . 

One can now wri te  the  C~k~'s in t e rms  of a s y m m e t r i c  re la t ive  tensor  n ~ and a rela- 
t ive  vec tor  a~ as 

(10) C~k ~= s i k~n  ~i @ % a ~ - -  i a k  , 

where  n i ~ :  niJ( t )  : n(iJ), eb i = a i ( t ) ,  and 

(11) n iJas  = O .  

W h e n  (10) is subs t i tu ted  in (8) and (9), t h e y  g ive  

(12) BSa~ : 0 

and 

(13) (n  iJ - -  ~ i J k a k ) B  ~ = 0 , 

respect ive ly .  

Now, if  a~ : 0 (class A space-t imes) ,  i t  follows f rom (13) tha t  de t  (n ~j) = 0. I n  th is  
case, when the  rank  of the  m a t r i x  (n  ij) is equal  to 2, 1 or zero, then  the  group types  
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is the Bianchi  type  VI o or VIIo, I I  and  I, respectively.  (See (7) for the Bianchi-Schfick- 
ing-Behr  classification of group types  based on the  solut ion of the character is t ic  
equa t ion  of (~t'~).) 

If  ct i ~ 0 (class B space-times),  then  it  follows from (11) t ha t  det  (n ~J) ~ 0, again. 
This, along with (12) and (13), implies  tha t  

04) 

( I t  can be e~siIy prove~ tha t  (14) holds, by  using an or thonormal  f rame where 
~ - -  diag (0, n'-', t~3), a~ = (a, 0, 0), and  B i -  (0, B -~, B3).) Thus,  in this  case the  group 
type  mus t  be VI ~, or Bianehi  type  I I I .  
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